We study the response of a Quantum Ising Chain to transverse field oscillations in the asymptotic state attained after a quantum quench. We show that for quenches across a quantum phase transition the dissipative part of the response at low frequencies is negative, corresponding to energy emission up to a critical frequency ω * . The latter is found to be connected to the time period t * of the singularities in the Loschmidt echo (t * = 2π/ ω * ) signalling the presence of a dynamical phase transition. This result suggests that linear response experiment can be used to detect this kind of phenomena.
I. INTRODUCTION
Recent improvements in experimental techniques [1] [2] [3] [4] have given access to the quantum mechanical simulation of the dynamics of isolated, interacting quantum many body systems with a variety of platforms, such as cold atoms in optical lattices and ion traps 5, 6 . An isolated system can be taken out of equilibrium in many ways: the commonest protocol is known as quantum quench, i.e. an instantaneous change of one of the parameters of the Hamiltonian starting from a pre-quench ground state. The stationary state attained after a quench, in particular, gives a great deal of information on the system, on its integrability 4,7-12 or ergodicity 13, 14 , as well as on the nature of its quasiparticles.
Stationary states may display critical behavior as a function of the quench parameters 15 . When this is evinced from an order parameter we encounter a type of criticality naturally reducible to the Landau paradigm 16, 17 in classical systems. A second type of transition 18 , more subtle and ephemeral, can be observed by studying the characteristics of the time evolved state itself |ψ(t) = e −iHt |ψ 0 . When starting from a broken symmetry ground state the probability to remain in the ground state manifold displays time-periodic cusp singularities 19, 20 for a range of quench parameters which turns out to be connected with the emergence of stationary state criticality 21 . Singularities may emerge also in the return amplitude ψ(t)|ψ 0 (Loschmidt echo) when the time evolved state is orthogonal to the initial one. Despite the observation of such singularities in quenches across an Ising quantum critical point 21 and in the collapse and revival dynamics of superfluids 22, 23 , their significance and the conditions of their emergence have been under investigation since their conception [24] [25] [26] [27] .
The purpose of this work is to suggest a connection between the DPT and the emergence of a peculiar response of a system to perturbations which could be used to detect them. Focusing on the dynamics of the Transverse Field Ising Model (TFIM), where DPT are expected for quenches across the quantum critical point, we will show that whenever a DPT occurs the system displays an anomalous low frequency response to transverse field oscillations in the steady state. Unlike perturbed system in equilibrium, the system emits energy at a finite rate and the dissipative part of the response function is negative 28 . Interestingly this anomalous response occurs for perturbations up to a critical frequency ω * which is in direct correspondence with the time period t * = 2π/ω * of the singularities of the return probability. The outline of the rest of the paper is as follows: in Section II the TFIM and the quench protocol are introduced. After a brief summary of the concept of DPTs and linear response theory in the context of quenches, the calculation of the transverse magnetization spectral function is presented. In Section III the results are presented and analyzed for different quenches. Finally we present our conclusions in Section IV.
II. THE MODEL, LINEAR RESPONSE THEORY
AND DYNAMICAL PHASE TRANSITIONS.
The Hamiltonian we study is that of the TFIM given byĤ
are Pauli matrices representing the x and z components of the spin at the i-th site. We will consider the ferromagnetic case only and set J = 1 and = 1. At equilibrium, this system exhibits a quantum phase transition at h = 1. It is well known that [29] [30] [31] this model can be diagonalized by mapping the Hamiltonian onto a system of spinless fermions, and performing in the k−space a Bogoliubov rotation to end up with a system of free fermions γ k with disper- 
that has been extensively studied under a number of guises in the past decades. This amplitude, following a Wick rotation i.e z = it, can be thought of as a boundary partition function ie Z(z) = Ψ|e −zH |Ψ when z ∈ R. Exploiting this mapping Heyl et al noticed that as the free energy density can be defined as
then in direct analogy with standard statistical mechanics, the Fisher zeros in this boundary partition function (corresponding to singularities in f (t)) coalesce into lines which can cross the real axis. The repercussion of this behaviour in the temporal domain leads to the emergence of critical times t * n where the so called rate function
displays non-analyticities. According to this definition of DPTs put forward in Ref. 18 , the singularities identify points at which the time evolved state is orthogonal to the initial one.
In the case of a quench of the transverse field h i → h in the TFIM across the quantum phase transition the singularities in the rate function l(t) were found to occur at t * n = t * (n + 1/2) and t * = π/ε k * where the momentum k * is determined by the condition cos(k
The momentum k * marks the transition in the occupation of fermionic quasiparticle from thermal (n k < 1/2 for |k| > k * ) to non-thermal (n k > 1/2 for |k| < k * ). A population inversion in non-equilibrium systems opens up the possibility of extacting work in subsequent cyclical transformations 32 . In other words, while equilibrium systems heat up as a result of a periodic drive a population inversion opens up the possibility of energy emission, as observed previously in Ref. (28) .
A natural way to investigate these issues is to study the dissipative of linear response functions which, also in the case of quantum quenches, is naturally connected to the dynamic of energy absorbtion 33 . In the present situation the simplest possible experiment could consist in studying the linear response after a quench of the transverse field. We start with the HamiltonianĤ(h i ) and the system prepared in its ground state |ψ 0 . At t = 0 we change suddenly the value of the transverse field and we add a small periodic perturbation to break time and space translational invariancê
withv(t) = δh j sin(ω 0 t) sin(k 0 j)σ z j and δh 1. Even in the nonequilibrium case 28 the response function of the transverse magnetization can be written as
Since the system is transnationally invariant then χ depends on r = l −l only. The out of equilibrium condition makes however the dependence on t and t essential. The latter can be described also in terms of Wigner coordinates
Taking a Fourier transform with respect to the relative coordinates τ, r χ(q, ω, T ) = dre
the response in the asymptotic stationary state can be obtained by performing an average with respect to the time T χ(q, ω) = lim
In order to study the dynamics of energy asborbsion we have to compute the imaginary part of the time-averaged responseχ . The calculation of the latter employs standard techniques: both the initial and the final Hamiltonian can be expressed in fermionic form following a Jordan Wigner transformation. Expressing the final quasiparticles γ f (k) in terms of the initial ones γ i (k) via a Bogoliubov rotation, the correlation functions of quadratic operators such as the transverse field can be easily calculated. We obtain the spectral function
where 
III. RESULTS
Let us first analyze the results we found in the case of uniform perturbation (q = 0), for positive frequencies, both for the equilibrium and for the nonequilibrium case. Manipulating Eq. (9) it is easy to find an analytical expression for the transverse magnetization spectral function
where
is the equilibrium one, and
The top panels of Fig. (1) show the equilibrium spectral function for the three different cases: ferromagnetic phase (upper left panel), critical point (upper right panel), paramagnetic phase (lower panel). Clearly the spectral function has support only at energies above the gap for two particle excitations 2∆ = 4|1 − h|, since only pairs can be emitted as a result of parity conservation. The same is true also in the case of a quench, shown in the bottom panels show for the three different quenches: inside the ferromagnetic phase (left panel) from h i = 0.5 to h = 0.7, toward the critical point from h i = 0.5 to h = 1 (central panel) and across the critical point from h i = 0.5 to h = 1.5 (right panel).
We notice that for quenches across the quantum phase transition the response function has negative imaginary part right above the gap 2∆. This indicates that the system emits energy as a result of the coupling to the perturbation (33). As anticipated above, this is possible as a result of a population inversion: for fermions right above the gap the density of quasi-particles
is non thermal up to momenta satisfying the condition an energy scale ω * = 2ε * k at which the spectral function vanishes too
(16) As anticipated above t * = 2π ω * corresponds as expected to the period of the singularities in the Loschmidt echo signaling a dynamical phase transition according to Ref. (18) .
Let us now briefly consider how the scenario presented for q = 0 is modified for finite q. The results we found are shown in Fig. (2) . In the top panels we show the transverse magnetization spectral function for an equilibrium Ising model in the presence of a transverse non uniform perturbation for three different values of the transverse field h = 0.5 (left panel), h = 1 (central panel) and h = 1.5 (right panel). The two different colors correspond to two different values of the transferred momentum, blue line q = 1, green line q = 2. In the bottom panels we show the transverse magnetization spectral function for a non equilibrium Ising model in presence of a transverse non uniform perturbation for three different quenches: inside the ferromagnetic phase (left panel) from h i = 0.5 to h = 0.7, toward the critical point from h i = 0.5 to h = 1 (central panel) and across the transition point from h i = 0.5 to h = 1.5 (right panel). The two different colors correspond to two different values of the transferred momentum, blue line q = 1, green line q = 2. What emerges is that in the presence of a non uniform perturbation the zeros of the spectral function move towards different frequencies. The same analysis done for the q = 0 case can be carried but the quasi particles density of population is now given by 
and it should be solved numerically to find the quench parameter for which some population inversion can be observed. This condition can also be used to find the value q * for which population inversion disappears. As an example, in case of a quench from h i = 0.5 to h = 1.5 we find q * ∼ 2.63. A direct plot of the response function confirms that indeed for q > q * the spectral function is always positive in this case. Unlike the case q = 0 in this case we have that the population inversion is ultimately not directly connected to the DPT, though ultimately it shares the same physical origin.
IV. CONCLUSIONS
In this paper, we examined the spectral function of the transverse magnetization for a non equilibrium transverse field Ising model after a quantum quench. We have shown that the population inversion that is behind the emergence of dynamical criticality can be directly detected in the dynamics of energy absorption from a periodic perturbation. It would be interesting to extend our analysis to other more complex models and make the connection between negative response functions and dynamical criticality, if possible, more general. We leave this to future endeavours.
